Cellular solids are a class of materials that have many interesting engineering applications, including ultralight structural materials [1] . The traditional method for analyzing these solids uses convex uniform polyhedral honeycombs to represent the geometry of the material [2] , and this approach has carried over into the design of digital cellular solids [3] . However, the use of such honeycomb-derived lattices makes the problem of decomposing a three-dimensional lattice into a library of two-dimensional parts non-trivial. We introduce a method for generating periodic frameworks from Triply Periodic Minimal Surfaces (TPMS), which result in geometries that are easier to decompose into digital parts. Additionally, we perform multiscale analysis of two cellular solids generated from two TPMS, the P-and D-Schwarz, and two cellular solids, the Kelvin and Octet honeycombs. We show that the simulated behavior of these TMPS-derived structures shows the expected modulus of the cellular solid scaling linearly with relative density, and matches the behavior of the octet truss. NOMENCLATURE ρ * density of the cellular solid ρ density of the constituent material ρ relative density between the cellular and constituent solid φ t family parameter relating a TPMS and its conjugate
INTRODUCTION
Cellular solids are a class of materials composed of an interconnected network of struts and plates, which form the edges and faces of cells that tesselate three-dimensional space [4] . The geometry of these cells can be represented by the constituent polyhedra in a convex uniform honeycomb. There are 28 such honeycombs [5] , and common examples of the derived frameworks include the Kelvin lattice, the Octet lattice, and the Cuboctahedral lattice.
Cellular solids are found in many forms in nature, and have been applied in many engineering problems, including the construction of ultralight structural materials [2, 1] . The most important characteristic of these solids is the relative density ρ * /ρ, which relates many of the global properties of the cellular solid to the bulk material from which the solid is derived [4] . Some of these properties, modulus and ultimate strength, depend on the properties of the geometry chosen to represent the cellular solid. One such property is the coordination, or the number of struts that meet at a given node.
For instance, in geometries where there is sufficient coordination between the frame elements that loads are transferred axially, such as in the Octet lattice, the foam is said to be stretch-dominated and the Young's modulus of the material is directly proportional to the relative density. In geometries where there is insufficient coordination, such as in the Kelvin lattice, loads are transmitted between the struts through bending, so the foam is said to be bending-dominated, and the Young's modulus of the materials is quadratically proportional to the relative density [4] . Furthermore, the range of behaviors that can be reached by varying the geometry is not limited to these two; coordinatedbuckling modes such as those in the Cuboctahedral lattice can impart a mixed stretch-bending behavior to load transfer, and therefore the resulting Young's modulus is proportional to the relative density to the 3/2 power [1] .
Recent work in digital cellular solids introduced a decomposition of the cuboctahedral lattice into a single, two-dimensional part, which enabled the reversibly assembled into structures with, at the time, unprecedented strength-for-weight [1] . This work showcased many desirable traits to the scalable assembly of cellular solids, including centimeter-scale construction, repairability, and mass-production of parts from high-performance materials [3] . Subsequent work has demonstrated further capabilities of this approach, including robotic traversal [6] and meter-scale structures [7] using a three-part strut-node construction.
However, in both digital and conventional cellular solids, the geometry that is conventionally used for modeling a manufactured foam or as the basis for a digital decomposition is one that has been generated from a convex uniform honeycomb. While it is clearly justified for studying the theoretical behavior of stretchversus bending-dominated foams, the structures derived from convex uniform honeycombs have nodes (points where the struts of the cellular solid meet) that are three-dimensional. This therefore makes the problem of decomposing such a lattice into twodimensional parts, and therefore access to many of the advantages of digital cellular solids, non-trivial.
Triply Periodic Minimal Surfaces
An alternative approach to using convex uniform polyhedra in the design of digital cellular solids is to find periodic frameworks whose node geometries are simpler, but whose performance is comparable to existing examples.
Triply periodic minimal surfaces (TPMS) are embedded surfaces that are translationally invariant in three orthogonal directions [8] . These objects have many advantageous properties as a generator of periodic frameworks for cellular solids. Since they are non self-intersecting surfaces, all lines on the surface will meet on a locally flat plane. If these lines are taken as the struts of a periodic framework, and the nodes as the intersections between the lines, then the complexity of these nodes is greatly reduced compared to equivalent-connectivity structure generated from the edges and vertices of a convex uniform polyhedral honeycomb. Additionally, since TPMS are triply periodic, a framework found for a single unit cell will also be periodic and therefore an appropriate geometry for a periodic framework.
This paper seeks to apply the analytical tools originally developed for studying cellular solids to frameworks generated from triply periodic minimal surfaces. It discusses a method for deriving a periodic framework from a TPMS, and then studies the theoretical static performance of this framework compared to conventional cellular solids.
Methodology
A TPMS can be represented in a variety of ways. When first discovered, examples were generated using the EnneperWeierstraus formulas [8] , which parametrize the minimal surface in the complex domain. The complexity of this representation limited its usefulness, and even today only a few such representations of various TPMS are known. Later, Shoen used interpenetrating skeletal graphs with specific crystallographic symmetry to visualize a wide variety of TPMS [9] . However, it wasnt until Karcher formalized the descriptions of Shoen's TPMS using the conjugate surface method that they gained traction in the mathematical community [10] .
The conjugate surface method takes advantage of a fundamental observation of minimal surfaces-every minimal surface belongs to an associate or Bonnet family, where a single family parameter φ t ∈ {0, 2π} can produce a continuous range of surfaces [10] . In addition to generating an infinite variety of minimal surfaces through variation of the family parameter, this method guarantees a minimal patch that can be converted to a periodic framework, as shown in the section below.
In the natural sciences, implicit approximations of the TPMS have been used instead of the explicit forms [11] , in order to save computational overhead. In particular, the use of periodic nodal surfaces have satisfactorily reproduced the most famous TPMS without extending beyond the leading term of the series, and higher order approximations have resulted in even better fidelity. Subsequent calculations performed on TPMS in this paper will use the periodic nodal surface approximations instead of the more complex parameterizations.
Finding the Periodic Frameworks
The periodic frameworks that can be derived from a given TPMS are the embedded straight lines of the surface. A general method for finding these lines will allow the infinite variety of TPMS to act as generators for periodic frameworks.
An analytical approach for finding such lines is to use the conjugate surface method to solve the free boundary problem for the asymmetric unit of the conjugate TPMS. The resulting decomposition of the polyhedral asymmetric unit into the polygon boundary of the desired surface produces the set of straight lines that can then be taken as the primitive unit of the periodic framework [8] .
For example, to find the periodic framework for the PSchwarz surface, we would start with the asymmetric unit of its conjugate surface, the D-Schwarz. This unit is a tetragonal disphenoid, or an isohedral tetrahedron with isosceles triangle faces [12] . This unit then forms the set of planes that the free boundary will be solved on by constructing a conjugate polygonal contour, through a process described by Karcher and Polthier [8] . This contour forms the boundary of the minimal patch for the P-Schwarz, which can be transformed through the symmetries of the P-Schwarz point group to produce the surface [10] . The lines which form the polygonal boundary of this minimal patch are the embedded periodic framework of the surface.
This method, however, only works for simpler TPMS [11] , since more complex structures introduce unknown degrees of freedom that must be balanced to avoid self-intersections. There is no general theorem to solve this so-called period problem, and so the applicability of this method is limited [8] .
A numerical approach can also be employed to find the straight lines. This approach has the advantages of being generalall that is required is an implicit approximation of the surface. A downside of the approach, however, is that the existence of the straight lines cannot be ascertained using this method.
Begin with a TPMS with an implicit approximation f ( x) =
0, defined inside a unit cell x ∈ {0, 1} 2. Choose two faces of the unit cell, and define a curve on each of these faces, C 1 and C 2 , which represent the intersection between the TPMS and the chosen unit cell face 3. For each point p 1 on C 1 , we define a vector v between that point and every point p 2 on
represents an embedded line on the surface.
Repeat for all pairs of surfaces
We apply this approach to the P-and D-Schwarz surfaces, using a numerical method that splits the boundary curves of each of the sides into 1000 points, and assesses 10 equally-spaced points along the length of each test line to see if it is embedded. The set of lines is shown in Figure 1 . Furthermore, inspection of these lines shows additional intersections that arent apparent from the numerical algorithm, but are explicitly defined in the polygonal contours found with the analytical approach.
Analysis
Inspection of the frameworks derived from the P-and DSchwarz surfaces shows that they are composed of four sets of interpenetrated isogrid lattices whose pitch is four times the length of a single strut. These lattices intersect at the midpoints of the isogrid elements in the D-Schwarz geometry, and at the first and third quarter of the isogrid elements in the P-Schwarz geometry. This results in a different node geometry for the two frameworks- 
Theoretical behavior
We applied Vigliotti and Pasini's multiscale stiffness analysis to the P-and D-Schwarz frameworks to assess the mechanical response of the bulk cellular solid under different loading conditions [13] . This technique applies periodic boundary conditions to derive properties of an infinite lattice using the stiffness matrix of a single unit cell K uc . In addition, we also applied this analysis to the Kelvin and Octet lattices, whose mechanical properties are already well known, in order to ensure that the results were consistent.
Because of the cubic symmetry of all four of these lattices, the macroscopic stiffness matrix can be written as
The inverse of K mat relate the stresses in the cubic coordinate system to the strains. 
mat , otherwise known as the compliance matrix, can be normalized for the constituent material stiffness E s and the relative density of the cellular solid (ρ) n , to produce a function
Where the values of n and k depend on the geometry. The unit cells used to generate K uc are shown in Figure 2 for the four different lattices. The frames of each lattice were modeled as Timoshenko Beams, with circular cross-sections. K uc was then transformed into the macroscopic stiffness K ε . The eigenvalues of K ε provided the values for α, β , and γ, which allowed the construction of K mat . Finally, K mat was inverted to provide the the compliance matrix and therefore the expected macroscopic performance.
For all of these lattices, the strut properties for K uc were calculated from three different relative densities-0.1, 0.01, and 0.001-using the equations for relative density described in Table 1. This allowed the calculation of k i and n i from Equation 3. For the Kelvin lattice, these values were found to be
The value of s 1 shows good agreement with previous analytical work [14] .
The application of this technique to the D-Schwarz, PSchwarz and Octet produced identical coefficients for the major compliances.
These values agree with previous theoretical work for Octet [15] , and suggest that the macroscopic material properties of P-Schwarz and D-Schwarz not only scale linearly with relative density, but that the coefficients with which they scale are equivalent to Octet.
Furthermore, previous study of the linear elastic behavior of the Octet lattice showed that, in the (111) direction (otherwise known as the space diagonal) of the unit cell, the stiffness scaled with E 111 = (ρ/5)E s , which is the maximum value of the Young's modulus of the Octet lattice for all orientations [15] . Since this modulus was found by performing a coordinate transfer on the compliance matrix, we can expect the same performance from the P-Schwarz and D-Schwarz as well.
Discussion
The simulated behavior of both structures indicates that their response to an applied load is equivalent that of the far more complex Octet truss, which has coordination 12 and is much harder to decompose into two-dimensional parts.
A Digital Design
While finding the periodic framework for a given TPMS is decidedly less trivial than finding a framework for a given convex uniform polyhedron honeycomb, the reverse is true for generating a digital decomposition of that framework. Because the node geometry of the TPMS lattices are confined to a two-dimensional plane, the decomposition is straightforward, and one such decomposition is shown in Figure 3 .
Using this design, the D-Schwarz can be constructed out of a library of two parts: a part with three-fold symmetry, three arms and three slots, and pins for attaching the arms to a neighboring part's slot. The P-Schwarz can be constructed from three parts consisting of the two used for the D-Schwarz, and an additional adapter plate with four-fold symmetry consisting of two arms and two slots. Figure 4 shows a prototype D-Schwarz structure constructed out of laser-cut 3/32" Acetal Delrin.
An astute observer will note that, while the nodal geometry is locally flat, a two-dimensional part that composes TMPS framework will have to twist 54 • with the P-Schwarz and 70 • for the D-Schwarz. One solution involves constructing parts with
